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Abstract
We consider deformation of the d+2 dimensional asymptotically flat Schwarzschild
black hole spacetime with the induced metric on a d-sphere at r = rc held fixed. This is
done without taking the near horizon limit. The deformation is determined so that the
Λ = 0 vacuum Einstein equation is satisfied and the metric is regular on the horizon. In
this paper the velocity of a dual fluid vi is assumed to be a Killing field and small, and
the deformed metric is obtained up to O(v2). At this order of hydrodynamic expansion
the dual fluid is an ideal one. The structure of the metric is fairly different from the
near horizon result of Bredberg and Strominger in arXiv:1106.3084.
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1 Introduction
In theories which include gravity, such as string thery, in appropriate background space-
time such as asymptotically Anti-de Sitter space, the bulk theory has a dual description
in terms of the field theory at the asymptotic boundary. This is known as AdS/CFT, or
AdS/FT duality.[1][2][3]
Recently, the bulk theory of gravity theory can be equally described in terms of fluid
theory at the asymptotic boundary. This is called Fluid/Gravity duality.[4][5] Such studies
began in the context of Yang-Mills theory at finite temperature. By using this duality
several quantities such as shear viscosity to entropy density ratio η/s have been computed.[6]
The novelty of this approach is the weak/strong duality and various quantities in strong
coupled theory can be computed by calculations in a weak (or classical) gavity theory. The
holographic idea behind the Fluid/Gravity duality was originally presented in connection
with the black hole horizon.[7][8][9][10]
In a recent paper [12] a remarkable relation between incompressible non-relativistic fluids
in d+1 dimensions satisfying the Navier-Stokes equation and d+2 dimensional Ricci flat met-
rics was found. The argument of [11][12] starts from a Rindler space and at radial distance
r = rc a cutoff flat hypersurface Σc is considered. They studied the effect of perturbations
of extrinsic curvature of Σc while keeping the induced metric on Σc fixed. It was found that
if the Brown-York stress tensor[13] on Σc is that of the incompressible Navier-Stokes fluid,
a corresponding Ricci flat metric exists which is regular at the Rindler horizon. Afterwards,
systematic algorithm for reconstructing a solution of the d+2 dimensional vacuum Einstein
equations from a d+1 dimensional fluid to arbitrary order was presented.[14] In [14] it was
also shown that the seed metric can be constructed by a constant boost in a hyperplane in
the Rindler space. Then in [15] a connection between Petrov type I condition on solutions
of Einstein equation and incompressible Navier-Stokes equation was elucidated.
Then a possible generalization of these works will be to take a curved manifold as the
cutoff hypersurface Σc. The simplest choice of Σc will be R × Sd with R for time. Unper-
turbed spacetime will be that of an asymptotically flat Schwarzschild black hole. We can
choose as Σc a sphere S
d at radial distance r = rc from the origin.
In [16] such construction of a deformed metric was done in the near horizon limit and
expansion around it. However, duality between a Schwarzschild black hole and a fluid on a
sphere is expected to exist even without taking the near horizon limit. The purpose of the
present paper is to study perturbations of Schwarzschild metric with the induced metric on
a spherical Σc kept fixed, without taking the near horizon limit. In sec. 2 we will deform the
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Schwarzschild metric by introducing terms which depend on the vector field vi and pressure
P , while keeping the induced metric on Σc fixed and still making the metric satisfy vacuum
Einstein equation and be regular at the horizon. We will regard the vector field vi and
pressure P as small, and being of order O(ǫ1) and O(ǫ2), respectively. We will consider
metric corrections up to O(ǫ2). The equations which determine the coefficient functions of
the tensors are presented and solved. Then from the above results we will find that the
Brown-York stress tensor[13] on Σc takes the form of an incompressible ideal fluid. In sec.
3 we end with a discussion.
2 Deformed metric
In this section we will start with a Schwarzschild black hole metric in the ingoing
Eddington-Finkelstein coordinates
ds2 = −f(r) dt2 + 2dt dr + r2 dΩ2d (1)
and construct a new metric which contains a pressure P and the velocity vi and coincides
with the Schwarzschild metric on a hypersurface r = rc. Here
f(r) = 1−
(rh
r
)d−1
≡ 1− M
rd−1
(2)
and r = rh is the event horizon.
We use the standard round metric dΩ2d = hij dx
i dxj on Sd, given by hij = δij +
xi xj
1−x2 ,
(i, j = 1, 2, . . . , d). The inverse metric is given by hij = δij − xi xj . The index of vi is raised
and lowered by these metrics. The norm of vi is given by v2 = hij v
i vj . Throughout this
paper vi is assumed to be a killing vector field of Sd.
∇(h)i vj +∇(h)j vi = 0 (3)
Here ∇(h)i is the covariant derivative for hij . The norm of the velocity v2 and pressure P
are constant. Furthermore these are assumed to be small and are of orders vi = O(ǫ1) and
P = O(ǫ2), where ǫ is a hydrodynamic expansion parameter.
2.1 Pressure
We first consider the part of the metric which contains the pressure P . In the calculation
up to O(ǫ2), the pressure and the velocity can be considered separately.
We make the following ansatz.
dS2 = (−f(r) + a1(r)P ) dt2 + 2 (1 + a2(r)P ) dtdr +
(
r2 + a3(r)P
)
dΩ2d (4)
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On the hypersurface (Σc) at r = rc this metric must coincide with the induced metric at
r = rc,
ds2|rc = −f(rc) dt2 + r2c hij dxidxj (5)
and this leads to the condition a1(rc) = a3(rc) = 0. To determine the functions a1(r), a2(r),
a3(r), we must solve the vacuum Einstein equation with vanishing cosmological constant
Λ = 0. By the Einstein equation, we obtain
d− 1
r
(1− f) a′2 + a′′1 +
d
r
a′1 − d f ′
(
1
2r2
a3
)
′
= 0, (6)
a′2 = 0,
(
1
2r2
a3
)
′′
+
2
r
(
1
2r2
a3
)
′
= 0, (7)
(d− 1) a1 + ra′1 + rf a′2 + 2(d− 1) a2 −
1
2
(fa′3)
′ +
2− d
2r
fa′3
+(2− d)rf
(
1
2r2
a3
)
′
= 0 (8)
Here a′1 = da1/dr, etc. Solving the above equations with the above mentioned boundary
condition, we obtain
a1(r) = f(r)− fc + 1
2
c3 (d− 1)rcM
(
r−d − r−dc
)
, (9)
a3(r) = c3 r (r − rc), c3 ≡ 2
(
a2 +
M
2rd−1c
) (
1 +
(d− 1)M
2rd−1c
)
−1
(10)
Here we defined fc ≡ f(rc). a2 is constant and its value is left undetermined. The overall
normalization of a1(r) is adjusted by using rescaling of P . Notice that a1(r) and a3(r) are
regular at the horizon r = rh.
Some Christoffel symbols on the hypersurface Σc at r = rc are given by
Γrij = −rcfchij + 2rcfc a2 P hij − 1
2
fca
′
3(rc)P hij , (11)
Γrtt =
1
2
fcf
′
c −
1
2
fc a
′
1(rc)P − fc f ′c a2 P, (12)
Γrti = 0 (13)
Here f ′c ≡ f ′(rc).
The extrinsic curvature Kab of the surface Σc is obtained by
Kab =
−1√
grr
Γrab (14)
and the Brown-York Stress Tensor[13] is given by
Tab =
1
8πG
(
gcdKcd gab −Kab
)
(15)
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2.2 Velocity field
Let us now consider deformation of the metric up to O(ǫ1). We make the following
ansatz.
ds2 = −f(r) dt2 + 2dt dr + 2A1(r) vi dxidr + 2A2(r) vi dxidt+ hij dxidxj (16)
On Σc (r = rc), we must set A2(rc) = 0. We also choose a gauge[14]
grr = ∂rgri = ∂rgrt = 0 (17)
and so A1 is a constant.
The function A1(r) is determined by solving vacuum Einstein equations with Λ = 0. The
condition is
A′′2 +
d− 2
r
A′2 −
2(d− 1)
r2
A2 = −2
r
f ′A1 (18)
One can show that if A1 6= 0, a general solution A2(r) always has a logarithmic singularity.
To avoid this one must set
A1 = 0 (19)
Then the solution which satisfy the condition at Σc is given by
A2(r) = C r
2
(
1−
(rc
r
)d+1)
(20)
Here C is a constant.
We next consider the 2nd order corrections. With the above result we expect that
solution that contains vi also exists in higher orders. We make the following ansatz.
ds2 = {−f(r) +A3(r) v2} dt2 + 2{1 +A4(r) v2} dtdr
+2A2(r) vi dtdx
i
+{r2 +A5(r) v2} hijdxidxj +A6(r) vi vj dxidxj (21)
On the hypersurface Σc, we must impose A3 = A5 = A6 = 0. A4 is expected to be a
constant, but we do not assume this and later show that this is indeed the case. By using
the Λ = 0 vacuum Einstein equation a set of equations for these functions are derived.
d {1
2
A′5 −
1
r
A5}′ + {1
2
A′6 −
1
r
A6}′ − d r A′4 = 0, (22)
{A4f ′ +A′3 −
1
r2
A2A
′
2}′ +
d
r
{A4f ′ +A′3 −
1
r2
A2A
′
2}
−f ′{d( 1
2r2
A′5 −
1
r3
A5) + (
1
2r2
A′6 −
1
r3
A6)} = 0, (23)
5
−{fA′3 + f ′A3 + 2ff ′A4}′ −
d
r
{fA′3 + f ′A3 + 2ff ′A4}
+ff ′{d( 1
2r2
A′5 −
1
r3
A5) + (
1
2r2
A′6 −
1
r3
A6)}+ f ′(A′3 + f ′A4)
+
1
r2
f ′′A22 +
d− 2
r3
f ′A22 +
2(d− 1)
r4
A22 +
f
r2
(A′2)
2
= 0, (24)
2d
r2
A6 − 1
2
(fA′6)
′ − df
2r
A′6 +
2f
r
A′6 −
2f
r2
A6 =
1
2
(A′2)
2 − 2
r
A2A
′
2 +
2
r2
(A2)
2, (25)
− 2
r2
A6 − drf{ 1
2r2
A′5 −
1
r3
A5} − rf{ 1
2r2
A′6 −
1
r3
A6}
+
4− d
2r
fA′5 −
2f
r2
A5 +
2− d
r2
(A2)
2 + (d− 2)A3 + 2(d− 2)fA4 − rfA′4
+{−f
2
A′5 −
1
r
(A2)
2 + rA3 + 2rfA4}′ = 0 (26)
First, eq (22) can be once integrated to the form.
dA4 = d
(
1
2r
A′5 −
1
2r2
A5
)
+
(
1
2r
A′6 −
1
2r2
A6
)
+ c4 (27)
Here c4 is a constant.
Secondly, (23) ×f+(24) yields the equation.
f ′A′4 =
{−1
r2
A′′2 +
2− d
r3
A′2 +
2(d− 1)
r4
A2
}
A2 (28)
The rhs of this equation can be shown to vanish by using (20) and A4 is indeed constant as
expected. Then by using (27) and the boundary conditions at Σc the following equation is
derived.
dA5 +A6 = 2(dA4 − c4) r (r − rc) (29)
Thirdly, we will determine A6 by solving (25). By using (20) the rhs of (25) can be
simplified and we have
2d
r2
A6 − 1
2
(fA′6)
′ − df
2r
A′6 +
2f
r
A′6 −
2f
r2
A6 =
1
2
C2(d+ 1)2 r2d+2c r
−2d (30)
The general solution is given by a sum of a special solution A
(0)
6 and a general solution A
(1)
6
to the homogeneous equation. A special solution is given by
A
(0)
6 (r) =
C2
M
r2d+2c r
1−d (31)
On the other hand a general solution to the homogeneous equation is rather difficult to
obtain. Changing variables from r to f using (2) we obtain the homogeneous equation.
(d− 1)2 f(1− f)2 d
2A
(1)
6
df2
− (d− 1)(1− f){1− d+ (d+ 3)f} dA
(1)
6
df
− 4(d− f)A(1)6 = 0 (32)
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This is a Heun’s equation with singularities f = 0, 1, 1,∞. The characteristic exponents for
the regular singularity f = 0 (horizon) are λ = 0, 0 and so one solution is regular at f = 0
and another has a log f singularity in general. Let us denote this regular solution by w(r).
Then A6, which is regular at the horizon and vanish at Σc, is given by
A6(r) =
C2
M
rd+3c
{(rc
r
)d−1
− w(r)
w(rc)
}
(33)
Then A5 is obtained by using (29). An explicit form of w(r) is not obtained yet.
Finally, A3 and constants A4, c4 can be obtained by solving (23) and (26) with all the
previous results substituted. Eq (26) has the form rA′3 + (d − 1)A3 = j(r), where j(r) is
a known function. The equation obtained by substituting a derivative of this into (23) is
satisfied, only if
A4 = c4 = 0 (34)
With the relation (29) this means that
A5(r) =
−1
d
A6(r) (35)
Then the above equation for A3 is solved to give
A3(r) = C
2 r1−d (rd − rdc ) + C2
d− 1
2d
r2d+2c r
1−d (r−d−1 − r−d−1c ) (36)
Now we will make some observation. The final metric is the combination of (4) and (21).
ds2 = {−f(r) +A3(r) v2 + a1(r)P} dt2
+2A2(r) vi dtdx
i + 2{1 + a2 P} dtdr
+{r2 +A5(r) v2 + a3(r)P} hijdxidxj +A6(r) vi vj dxidxj (37)
The coefficient functions are given in (9), (10), (20), (33), (35) and (36). These functions
contain two constant parameters. One of the constants, C, can be set to 1 by rescaling vi.
However, the other constant a2 is undetermined. This means that the deformation of the
metric is not unique.
Some Christoffel symbols relevant to the extrinsic curvature on Σc are given by
Γrti =
−fc
2
A′2(rc) vi,
Γrtt =
1
2
fc f
′
c −
1
2
fcA
′
3(rc) v
2 − 1
2
fc a
′
1(rc)P − fc f ′c a2 P,
Γrij = −rcfc hij − fc
2
A′5(rc) v
2hij − fc
2
A′6(rc) vi vj
+2rcfc a2 P hij − 1
2
fca
′
3(rc)P hij (38)
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Here the contribution of the Pressure P (11)-(13) is added. These are evaluated at r = rc,
and A2(rc) = A3(rc) = 0 is used. The above result (38) is not changed, even if the condition
that vi is a Killing field is removed. This will determine Kab (14) and stress tensor Tab
(15). The fluid described by the stress tensor constructed from these Γ’s is that of an
ideal fluid. Because vi is a killing field, the fluid is incompressible (∇(h)i vi = 0). The
hydrodynamic equation coming from the conservation equation of this stress tensor will be
the Euler equation.
3 Discussion
In this paper by starting from a Schwarzschild black hole solution in d+2 dimensions
we studied the purturbation of the extrinsic curvature of a cutoff surface Σc, which is S
d
located at r = rc, with keeping the induced metric on Σc fixed. We imposed a condition
that the deformed metric is still a solution to the Λ = 0 vacuum Einstein equation and is
regular at the horizon. The near horizon limit is not taken. The structure of the metric
obtained is fairly different from the one in [16]. For example, terms of the forms vi dr dx
i
and χi dx
idr, etc, do not exist in (37). This situation is quite different from the flat Σc
case.[12] [14] It is not clear how the near horizon limit of (37) will coincide with the result
of [16]. The deformed metric (37) also contains an undetermined constant parameter a2. It
is not clear whether this constant can be fixed by some further requirement.
We considered only the case of vi being a Killing field and v2 being constant, and
studied the structure of the extrinsic curvature up to O(v2). We found that the Brown-York
stress tensor takes the form of that for a incompressible perfect fluid. The corresponding
hydrodynamic equation will coincide with the Euler equation.
Now by changing the vector vi from a killing field to more general one, and introducing
derivative terms of vi and P into the metric in such a way that vacuum Einstein equation is
satisfied, shear may appear in the stress tensor. Then the transport coefficients such as the
ratio η/s will be obtained from the coefficient of the shear. In [16] an obstruction to a pure
Dirichlet boundary condition on Σc was noticed at higher orders. It will be interesting to
investigate whether a similar obstruction would occur even if the near horizon limit is not
taken. We hope to report on this in the future.
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